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Rougier complex Ccr) OE Brm

is a complex over the category C -
- SBinn

di dit )
- - - RC

; -T C
;
r Ci , ,←

- - - Can't take homology , but
chain hty

,
chain hty u

(
i C- Obj (C ) ,

d ; e Hom ( C ; , Ci . , )
make sense .

d2=0

Compare w/ CFD G)
,

which is a twisted

complex over diff't graded category A 7)

Objects→ idempotents

Morphisms ← algebra elements



(shifted) Rooquier Complex :
-

° I

Tcr;) - R XC QB , Homliil) - Raid, Horn ( 113,9) - R-Xz

Tcr;
"

)= g-
'
B
,

# R Homa
,
1B
,
) - RX

,
HomHB

,
1B) - Ibid

,B

C-Crt) = IG) ④ECT)
Gradings : qcidr) -- gliders,)

- O

Homfly -PT homology :
(Khovarov-Rozas sky) q (X,)=q(Xz) = I qffog) -- g (f) tglg)

HTT) -- Cag
")wH*tTH*CTcr))) qlXiI=q(X ;

'

) -- 2

Ex : n -- z Tru)={o3=
If Yigal - g'Y , gcy ) -- a-s

g
-

g
- '

HTHRt-toaa.ge?iiYHTt*CBD=toaHaIg7ecx,
tT*CE*Cr,)) = age ↳ age ⇒HICE ) -- aoi'[

o o) =3 - HILO)a"gE[x) a-
'

g
' GLX] a-

'

g. I 0



Let 's compute Tcr,
')

Filtrationtrick : If Cis a filtered Cx w/ associated graded ex 's
C
"'

,
then C- C

'

,

where C
'

is filtered w/
associated gradeds MCC

"))
F-Minimal CX

Pref : Cancel !

Claim : ICT) -- R- QB ,←g3B, - - -
← g
"-'
B
,

Basic Lemma :

Pref : Induct qq.ggyB.hr/gIBiq---qgIB
? B.④ Tk,)=g7B ,

ECT) ④Tcr,) = R←gB,rg3B,r . . - rg
"- '

B
, (X

,

'
-X

,
) (X ,

'
-Xd -- o

11

[ ( r,
"' ) GB,rg3B

,
- g5B , h . . -← g-

" '

B
, in End (B

,
)

~ rt
x
,

Xi-X, Xi- Xz x
,

'
- X
,

d' - o and gradings → diff 'ls are R- g B,- g
' B

,
- g5B

,
-g

>

B
, . . .

c- (r) ④Tk") - Thd) - R → Ek) -7 (⑦ C
'

minimal CX



Stable Limits
-

:

Def : C
"'

a sequence in Kom (SB.mn) Lemmy : If fi :C; →Cit , satisfies

say fig
,

C
'i' C if th FN sit . ising coreCfi) -0 , then g C

'"
exists

.

C
n
- C
* on

for all i > N
.

thyroid : ! Echo! ) exists
.

Def : If ICH, is an ideal

XKCI) -- { CEKomCI) IC; -- o for ice}
Imax = (Bst Ste>

1) CEXKCI)
,

c' C- Xe (I't ⇒ CDC't Xue(INI
'

)

2) Eco;) -xr.CI) CXKCI) IG;) c- Xo ( Hn)

3) Ifr is a positive braid Eco) . XaCI) c Xk (I)



4) Eco;) ④Bi C-X. ( Imax) ( Basic Lemma)

5) C- (Tun) ④B; C-X. (Imax) (write Tun- or; , reBri )

G) If BE Imax
,

C- (Tw
,
)④BEX

,
(Imax ) B = EB ; Yi

7) Elton) - X
; (Ina,) CX; " (Imax ) (Filtration Trick)

Proofofthm : Tv, C- Bri
,
so have p: Echl) → Ictus)

(one (p) C- Xo ( Imax)
i in

fi - id④pi C- (Tun ) → T(Tun ) ⇒ tin Cone Cfi) - o
ions

( one ( fi) - E (Tun
"
) ⑤ Coneys) E X ; (Imax) by ⑦ D

The (Rozas sky) : F- =
.!jzT(Twi

') Cate gasifies eyes
or

in the sense that i) F-④E -- E

2) E - Imax - O ( follows from⑦ )



n - 2
'

.

E = REG B ,"
'

g'B,"
'

g5B,
"
"

g
>
B
,
←

. . . e tea =L

t.PE/z--gB,Lig3B,Exig5B,Eig7B
,
r

. . .

categorify e
,
e
,z
: XCE,) - e, E ④Ep -- O ,

E ,z④Ez= Ep etc
.

[(Twa) ④ F-
④
= ED

~ y EB
( (Tue)④ EA - g HEA

R = (one (p) → Tcr,)=⇐n⑦E, STK)④Ep)
= E → Ep

c- (Twig) = [ E → g
"'t"E
,]

Ej = g
-
B
,"g5B,

'

'

g
's
,
-

. . .



→ Formula for It
*
(Ks) = H*(Thot's)

G G I -G £ . . .

HTHE.at I:c. a'
a;¥a, ¥, 'FEET. . . .

H
* ( HTT* (Eng)) - a-

'

g Eff]④ IT (O.) 12-1=941-2 lol -- a' g't
'

-
o tag" . . .HHHEat-aia.is#easIxasIYeYxsEoaaIga9EYx, a-ioi.ca . . .

H*CtTt* (Ep)) - a-
'

g
't' Nz) ④ NCO

'

) IzI=g4t
'

IO 't -- a'g
-Z

⇒ P ( Ks) =@g-
'Y'
"

[PCE ) - g
" 't
"

PLEAD

cCfj4-t{IgI] Formula for Plkr)

- renters only in exponents
BUT : only works for r >o . of monomials



Compare with :

0¥? Holon) - (x:X
"

't
, .
. -

Y
'
> Gslz

gain HTOG)) --ftD=9 for r >o

g - g
- i

In general , g?g=Xg(H'TOG)))

In fact
, ①

a H*(Ocs- i) )H*(Thoth) =

a-
' H'(OG ) )



Equivariant Localization . G- EG EG contractible
#

d

BG

Equivariant H* : GGX XXGEG -

- XXEGI-cx.ys-cgx.gg)

HEH)=H*(XXGEG)

XXGEG ⇒ HEH) is module G -

- s
'

: H'(BG) -- H EP)
& over HTBG) - HIGH =2[u] - R

F-GIG -BG R
-
=2[u

XG={ xextgx-x.V-gc-GJHICX4-HTXQ.BG/=HTx)xoHTBG)

Localization : it : HIX)④pR
- EH},(Xs

'

)④rR
-

c : Xbox
"

Ex
"

: HFCY) c- H*(SWFCY)) Manolescu

Hf
-

(Y) c- HI ( SWFCY) )

Hf
-

G)c- It ( SWFCY)
"

) (Buttke care if 5,4523 )



K-theory: G - algebraic group

GGX variety
sheaf F is equivariant if G G F commutes

& I do
GGX

KGCX) = (Fecohocx)>In Exe : Kgcpt) - Rep (G)

o - A-→B- C-o ⇒ At C -- B G -- (E)7-EYL Rep (61--215)=2477 . . -If]

Kg (X) is a module over Ko Cpt) = Rep (G)

Localization : 6=16×1
"

C
'

: KGCX) ⑦QCT. . ..tn) Eo KGCXG) ④ QCT , . -Tn)

If G has isolated fixed pts
,

KGCX) ④ ④ IT . . ..tn) =L p*C Ipe XG>

↳(G) = skyscraper sheaf w) stalk
C) at p.



HolomorphicEulerchwacteristl.ci
o → A→B-Coo

F- C- Coho(x) ⇒ GG H' (F ) → XGCB) -XIA) TXGCC)

⇒ Xo (F) -- EC-Di IHICFH c- Rep (G) ⇒ Xo: KIX) - Rep (G)

Exe. E'
'

acts on IP! Z -[x ; y) -- fzxiy] Additive homomorphism

Ho(Ot)) -- SK, X
"}

, . .
.

, y
'

> ⇒ X (Ocr,) = , + 1- +TI . . . +for
Not a ring homomorphism

=

If G -- (E)
"

has isolated fixed pts T - I

[F) =p 1%1 LACED

XOCF) =p§×, I Fel Xo(ACE))

Exe : If LE Coho(X) is a line bundle , r

Kpl is a monomial in Repco)
Xo(EDF) =p slap (F)



Dread: Realized by Oblomkou - Rozar sky
• C-Brr

,

Fc s
'

xD
-
= closure

Fcs
'

xD
'
- FCF ) c- D- Coho HTS

"

II CE) - H
*

( Fcr)④AE )G

a ← grading in A

g.to T
, ,I , grading is It

*

Adding a - F (Ftw) = Flo) ④ OLD
twist

Tcl
,
n) - FCT - -- on-i) = Omon

l l l l

*,


